We compute the one-loop non-holomorphic effective potential for the N = 4 SU (n) supersymmetric Yang-Mills theory with the gauge symmetry broken down to the maximal torus U (1) n−1 . Our approach remains powerful for arbitrary gauge groups and is based on the use of N = 2 harmonic superspace formulation for general N = 2 Yang-Mills theories along with the superfield background field method.
Extended supersymmetry imposes strong restrictions on the structure of quantum field theories. One of the most prominent examples where extended supersymmetry has played a substantial role is the exact solution for non-perturbative low-energy effective action in the N = 2 SU(2) supersymmetric Yang-Mills theory given by Seiberg and Witten [1] . Their construction was generalized to arbitrary gauge groups in [2] . Another intriguing example comes from the N = 4 Yang-Mills theory where the powerful symmetry properties allow one to exactly compute some Green's functions (see [3] and references therein).
In the background field formulation, the effective action of N = 2, D = 4 super Yang-Mills theories is a manifestly gauge invariant and supersymmetric functional of the covariantly chiral strength W and its conjugateW [4] . In the Coulomb branch the effective action is in general reads
where the first term is integrated over the chiral subspace of N = 2 superspace while the second term is integrated over the full N = 2 superspace parametrized by
The elipsis denotes all terms involving derivatives of the strengths. The holomorphic potential F (W ) dominates at low energies and presents itself the main object of the Seiberg-Witten theory. The non-holomorphic potential H(W , W ) constitutes the next-to-leading finite quantum correction. For finite N = 2 Yang-Mills theories with matter, F (W ) coincides with the classical gauge action, and hence H(W , W ) is the dominant quantum correction. An important representative of such superconformal models is the N = 4 Yang-Mills theory (the first finite quantum field theory found [5] ) in which the N = 2 matter is realized by a single hypermultiplet in the adjoint representation.
In a recent paper [6] Dine and Seiberg showed that the requirement of scale and chiral invariance severely restricts the possible structure of H(W , W ) in the N = 4 Yang-Mills theory. For the N = 4 SU(2) theory broken down to U(1), they found out the only admissible form for the one-loop non-holomorphic potential:
with some numerical coefficient c and some scale Λ. The corresponding action given by the second term in (1) turns out to be independent on Λ. Moreover, Dine and Seiberg argued that H(W , W ) gets neither higher-loop perturbative nor instanton corrections, what was confirmed by instantons calculations [7] and two-loop supergraph analysis [8] .
The problem of explicit calculation of the coefficient c has been recently solved in Refs. [9, 10, 11] on the base of different techniques, the final result being c = (8π) −2 . This value for c was given in [9] to be the result of calculations based on the use of N = 1 superspace formulation for the N = 4 Yang-Mills theory. Gonzalez-Rey and Roček [10] computed, in the framework of N = 2 projective superspace approach, a special sector of the hypermultiplet low-energy action and then gave some grounds that the nonholomorphic effective potential H(W , W ) should have the same functional form. Finally, in our paper [11] we directly analysed, in the framework of N = 2 harmonic superspace approach, the effective action corresponding to the N = 2 gauge multiplet of the full N = 4 Yang-Mills theory.
In the present paper we extend the results of our work [11] to the case of N = 4 SU(n) Yang-Mills theory with the gauge group broken down to U (1) n−1 . Our method of computing H(W , W ) is equally powerful for arbitrary semi-simple gauge groups and naturally leads to a nice algebrac structure encoded in H(W , W ).
It is interesting to note that H(W , W ) is in general unambiguously defined when W lies along the flat directions of the N = 2 Yang-Mills potential
Otherwise, the following identity [4]
implies that some higher derivative terms, which are denoted by the dots in (1), can also contribute to H(W , W ). Such problems do not appear when eq. (3) takes place.
As is well known, the most powerful approach to investigate quantum supersymmetric field theories is to make use of an unconstrained superfield formulation. Unfortunately, such a manifestly supersymmetric formulation for the N = 4 Yang-Mills theory is not known. For our present purpose, however, it is sufficient to realize the N = 4 YangMills theory as a theory of N = 2 unconstrained superfields. The N = 2 harmonic superspace [12] is the only manifestly supersymmetric formalism developed to describe general N = 2 Yang-Mills theories in terms of unconstrained (analytic) superfields. This approach has been successfully applied for investigating effective action in various N = 2 supersymmetric models in recent papers [13, 14, 15, 8, 11] .
From the point of view of N = 2 supersymmetry, the N = 4 Yang-Mills theory describes coupling of the N = 2 vector multiplet to the hypermultiplet in the adjoint representation. In the harmonic superspace approach, the vector multiplet is realized by an unconstrained analytic gauge superfield V ++ . As concerns the hypermultiplet, it can be described either by a real unconstrained analytic superfield ω (ω-hypermultiplet) or by a complex unconstrained analytic superfield q + and its conjugateq + (q-hypermultiplet).
In the ω-hypermultiplet realization, the classical action of N = 4 Yang-Mills theory reads
where the second term describes the ω-hypermultiplet action and is integrated over the analytic subspace of harmonic superspace (see Refs. [12, 15, 11] for more details and notation). The first term in (5) is the pure N = 2 Yang-Mills action. The explicit expression for the strength W via the prepotential V ++ is given in [16] . The theory with action (5) is manifestly N = 2 supersymmetric. However, the action (5) turns out to be invariant under two hidden supersymmetric transformations [12] 
Here W λ denotes the strength in the λ-frame [12, 15] . In the q-hypermultiplet reaization, the N = 4 Yang-Mills theory is given by the action
where q
This model is manifestly N = 2 supersymmetric. It also possesses two hidden supersymmetries
To provide manifest gauge invariance and supersymmetry at the quantum level, we study the effective action for the classically equivalent theories (5) and (7) within the N = 2 superfield background field method [15, 8] . In accordance with [15, 11, 13] , the one-loop effective action in both realizations is given by
where
The formal definitions of the Tr (2,2) ln ⌢ 2 and Tr (4,0) ln ⌢ 2 are given in Ref. [11] .
For computing H(W , W ) it is sufficient in fact to consider a special background
Then, one can get the following path integral representation for Γ (1) [11] exp iΓ
The superfield F ++ (z, u) belonging to the adjoint representation looks like
The operator ⌢ 2 acts on F ij as follows
Representation (13) involves path integrals over constrained N = 2 superfields. Our aim now is to transform these path integrals to those over unconstrained N = 1 superfields. We introduce N = 1 Grassmann coordinates (θ α ,θα) by the rule θ α = θ 
and satisfy the constraintsDα
Therefore, Ψ is a covariantly chiral N = 1 superfield while the real superfield F is subject to a modified linear constraint.
Until this point, the N = 2 Yang-Mills strength was constrained only by eq. (12). Now, we specify W to belong to the Cartan subalgebra and, hence, to satisfy eq. (3). Moreover, we require the N = 1 components of W to be (covariantly) constant,
Such a background is still sufficient for calculating H(W , W ), since the identity
along with the requirement of scale and chiral invariance allow us to uniquely restore H(W , W ) . Here d 8 z denotes the full N = 1 superspace measure. For the background chosen the operator ⌢ 2 does not mix the superfields Ψ,Ψ and F
Expressing the N = 2 integration variables in (13) via their N = 1 projections, we obtain the following representation for Γ (1) in terms of path integrals over (still constrained)
Our next step is to evaluate the right hand side of eq. (22).
Until now the gauge group was completely arbitrary. Let us specialize our consideration to the case of SU(n). To start with we make a quick tour through the corresponding 2 It is worth pointing out that we deduce eq. (22) from the representation (13) for Γ (1) which is manifestly N = 2 supersymmetric and invariant with respect to the automorphism SU (2) R symmetry. That is why it is in our power to make use of any useful technique in order to compute special contributions to Γ (1) , in particular, to reduce Γ (1) to N = 1 superfields. This is completely different to the case when the N = 2 or N = 4 theories are formulated from the very beginning in N = 1 superfields, when only N = 1 supersymmetry is realized off-shell; in such a case the effective action possesses N = 1 supersymmetry only. By construction, our approach is manifestly N = 2 supersymmetric, in spite of the comments given in [19] .
Lie algebra su(n) [17] consisting of hermitian traceless matrices. We introduce the Weyl basis {e kl } of su(n)
Then an arbitrary element a ∈ su(n) looks like
with a i being real. The elements r of the Cartan subalgebra are
For any elements of the Weyl basis we have tr(e pq e kl ) = 2ntr F (e pq e kl ) = 2n δ pl δ qk .
Here 'tr F ' denotes the trace in the fundamental representation. From here one gets important consequences tr(e kl e lk ) = 2n ; tr(e pq e kl ) = 0 , p = l, q = k .
Given an element r of the Cartan subalgebra, one finds
with the eigenvalues (r k − r l ) defining the roots of su(n).
For the gauge group chosen, the strengths W andW lie in the Cartan subalgebra of su(n)
Since we are interested in the situation when the gauge group SU(n) is broken down to the maximal torus U(1) n−1 , we should have W k −W l = 0 for k = l. In the opposite case, when several eigenvalues W k coincide, some nonabelian group H ∈ SU(n) remains unbroken. Let us return to eq. (22). Since the strengths Φ and W α belong to the Cartan subalgebra, the components of the quantum superfieldsΨ, Ψ, F which lie in the Cartan subalgebra do not interact with the background field and therefore they completely decouple. On the other hand, the components of Ψ andΨ out of the Cartan subalgebra are expressed via F andF with the aid of constraints (17)
and these expressions are nonsingular in the case under consideration. As a result, we can transform the right hand side of eq. (22) to path integrals over unconstrained superfields
Taking into account eqs. (27) and (30), we can transform the integral in the denominator of eq. (22) as follows
It is worth pointing out that the sum in (32) is taken over half the roots and we can choose the positive roots to contribute to (32). As a result
Next we turn to the nominator in (22). First of all we find the action of ∆ (21) on the superfields F kl . The result reads
Using (30) and fulfilling straightforward calculations we get
where B kl is given by eq. (33 
It is seen that the one-loop correction Γ (1) to effective action is determined by the functional determinant of the operator (36) on the space of unconstrained N = 1 superfields under the Feynman boundary conditions. Eq. (39) can be rewritten as follows
the Cartan subalgebra and Weyl basis for the gauge group in field and, finally, it remains to repeat the technical steps described. Given a semi-simple rank-r gauge group G, we introduce its Weyl basis {hˆi, e +α , e −α }, where the elements hˆi span the Cartan subalgebra,î = 1, . . . , r, and ±α are the positive (negative) roots. When the gauge group is broken down to its maximal torus U(1) r , the N = 2 strength looks like W = Wˆihˆi, 
and this is similar to the structure of perturbative holomorphic effective potential [2] .
When this work was completed, there appeared recent papers [19, 20] where similar results were obtained by different methods.
